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• Barycentric Interpolation

• Rasterizing a triangle
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Triangle Rasterization
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Barycentric Coordinate

M. I. Jubair 7

𝑃(𝑥, 𝑦) = 𝑶 + 𝑥𝑿 + 𝑦𝒀

𝑃(𝛽, 𝛾) = 𝑎 + 𝛽 ? + 𝛾 ?

𝑋𝑂

𝑌 𝑎
𝑏

𝑐



Barycentric Coordinate
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𝑃(𝛽, 𝛾) = 𝑎 + 𝛽 ? + 𝛾 ?

= 𝑎 + 𝛽 (𝑏 − 𝑎) + 𝛾 (𝑐 − 𝑎)
= 𝑎 + 𝛽𝑏 − 𝛽𝑎 + 𝛾𝑐 − 𝛾𝑎
= 𝑎 + 𝛽𝑏 − 𝛽𝑎 + 𝛾𝑐 − 𝛾𝑎

𝑋𝑂

𝑌 𝑎
𝑏

𝑐 𝑃(𝑥, 𝑦) = 𝑶 + 𝑥𝑿 + 𝑦𝒀



Barycentric Coordinate
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𝑃(𝜶, 𝜷, 𝜸) = 𝑎 + 𝛽 ? + 𝛾 ?

= 𝑎 + 𝛽 (𝑏 − 𝑎) + 𝛾 (𝑐 − 𝑎)
= 𝑎 + 𝛽𝑏 − 𝛽𝑎 + 𝛾𝑐 − 𝛾𝑎
= 𝑎 + 𝛽𝑏 − 𝛽𝑎 + 𝛾𝑐 − 𝛾𝑎
= 𝑎(1 − 𝛽 − 𝛾) + 𝑏𝛽 + 𝑐𝛾
= 𝛼𝒂 + 𝛽𝒃 + 𝛾𝒄 𝛼 = (1 − 𝛽 − 𝛾)

⇒ 𝛼 + 𝛽 + 𝛾 = 1

𝑋𝑂

𝑌 𝒂
𝒃

𝒄

In a barycentric coordinate system: location of a point is 
specified by reference to a triangle for points in a plane.

𝑃(𝑥, 𝑦) = 𝑶 + 𝑥𝑿 + 𝑦𝒀



Barycentric Coordinate
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𝛼 + 𝛽 + 𝛾 = 1

𝑃(𝜶, 𝜷, 𝜸) = 𝛼𝒂 + 𝛽𝒃 + 𝛾𝒄

𝑋𝑂

𝑌 𝑎
𝑏

𝑐

𝐵𝑎𝑟𝑦𝑐𝑒𝑛𝑡𝑟𝑖𝑐

𝑃(𝑥, 𝑦) = 𝑶 + 𝑥𝑿 + 𝑦𝒀



Barycentric Coordinate
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𝑋𝑂

𝑌

𝛼 + 𝛽 + 𝛾 = 1

𝑃 𝑥, 𝑦 → 𝑃(𝛼, 𝛽, 𝛾)
𝑎

𝑏

𝑐

𝐶𝑎𝑟𝑡𝑒𝑠𝑖𝑎𝑛 → 𝐵𝑎𝑟𝑦𝑐𝑒𝑛𝑡𝑟𝑖𝑐

𝑃(𝑥, 𝑦) = 𝑶 + 𝑥𝑿 + 𝑦𝒀

𝑃(𝜶, 𝜷, 𝜸) = 𝛼𝒂 + 𝛽𝒃 + 𝛾𝒄



Cartesian → Barycentric
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𝑎(𝑥𝑎, 𝑦𝑎)

𝑐(𝑥𝑐 , 𝑦𝑐)

⇒ (𝑥𝑐 −𝑥𝑎)𝑦 − (𝑦𝑐−𝑦𝑎)𝑥 − (𝑥𝑐− 𝑥𝑎)𝑏 = 0

(𝑥, 𝑦)

⇒ (𝑥𝑐 −𝑥𝑎)𝑦 − (𝑦𝑐−𝑦𝑎)𝑥 − 𝐶 = 0

⇒ (𝑦𝑎−𝑦𝑐)𝑥 + (𝑥𝑐 −𝑥𝑎)𝑦 − 𝐶 = 0

𝑦 = 𝑚𝑥 + 𝑏

⇒ 𝑦 −𝑚𝑥 − 𝑏 = 0

⇒ 𝑦 −
𝑦𝑐 − 𝑦𝑎
𝑥𝑐 − 𝑥𝑎

𝑥 − 𝑏 = 0

𝑋𝑂

𝑌



Cartesian → Barycentric
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𝑐(𝑥𝑐 , 𝑦𝑐)

(𝑥, 𝑦)

𝐶 = (𝑦𝑎−𝑦𝑐)𝑥 + (𝑥𝑐 − 𝑥𝑎)𝑦

= (𝑦𝑎−𝑦𝑐)𝒙𝒂 + (𝑥𝑐 − 𝑥𝑎)𝒚𝒂

= 𝑥𝑐𝑦𝑎 − 𝑥𝑎𝑦𝑐𝑎(𝑥𝑎, 𝑦𝑎)

𝑋𝑂

𝑌



Cartesian → Barycentric
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𝑐(𝑥𝑐 , 𝑦𝑐)

(𝑥, 𝑦)

𝐶 = (𝑦𝑎−𝑦𝑐)𝑥 + (𝑥𝑐 − 𝑥𝑎)𝑦

= (𝑦𝑎−𝑦𝑐)𝑥𝑎 + (𝑥𝑐 − 𝑥𝑎)𝑦𝑎

= 𝑥𝑐𝑦𝑎 − 𝑥𝑎𝑦𝑐

𝑓𝑎𝑐(𝑥, 𝑦) = (𝑦𝑎−𝑦𝑐)𝑥 + (𝑥𝑐 − 𝑥𝑎)𝑦 − 𝑥𝑐𝑦𝑎 + 𝑥𝑎𝑦𝑐 = 0

𝑎(𝑥𝑎, 𝑦𝑎)

𝑋𝑂

𝑌



Cartesian → Barycentric
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𝑐(𝑥𝑐 , 𝑦𝑐)

𝑏(𝑥𝑏 , 𝑦𝑏)

(𝑥, 𝑦)

𝑎(𝑥𝑎, 𝑦𝑎)

𝑋𝑂

𝑌



Cartesian → Barycentric
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𝑐(𝑥𝑐 , 𝑦𝑐)

𝑏(𝑥𝑏 , 𝑦𝑏)

𝛽 =
𝑓𝑎𝑐(𝑥, 𝑦)

𝑓𝑎𝑐(𝑥𝑏 , 𝑦𝑏)

(𝑥, 𝑦)

𝑎(𝑥𝑎, 𝑦𝑎)

𝑋𝑂

𝑌



Cartesian → Barycentric
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𝑐(𝑥𝑐 , 𝑦𝑐)

𝑏(𝑥𝑏 , 𝑦𝑏)

(𝑥, 𝑦)

𝛽 =
𝑓𝑎𝑐(𝑥, 𝑦)

𝑓𝑎𝑐(𝑥𝑏 , 𝑦𝑏)

𝑎(𝑥𝑎, 𝑦𝑎)

𝑋𝑂

𝑌

Question – 1: In which case 𝛽 becomes 1?

Question – 2: What will happen when (x,y) lies on fab(x,y)



Cartesian → Barycentric
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𝑐(𝑥𝑐 , 𝑦𝑐)

𝑏(𝑥𝑏 , 𝑦𝑏)

(𝑥, 𝑦)

𝛾 =
𝑓𝑎𝑐(𝑥, 𝑦)

𝑓𝑎𝑐(𝑥𝑏 , 𝑦𝑏)

𝛽 =
𝑓𝑎𝑐(𝑥, 𝑦)

𝑓𝑎𝑐(𝑥𝑏 , 𝑦𝑏)

𝑎(𝑥𝑎, 𝑦𝑎)

𝑋𝑂

𝑌



Cartesian → Barycentric
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𝑐(𝑥𝑐 , 𝑦𝑐)

𝑏(𝑥𝑏 , 𝑦𝑏)

(𝑥, 𝑦)

𝛾 =
𝑓𝑎𝑐(𝑥, 𝑦)

𝑓𝑎𝑐(𝑥𝑏 , 𝑦𝑏)

𝛼 = 1 − 𝛽 − 𝛾

𝛽 =
𝑓𝑎𝑐(𝑥, 𝑦)

𝑓𝑎𝑐(𝑥𝑏 , 𝑦𝑏)

𝑎(𝑥𝑎, 𝑦𝑎)

𝑋𝑂

𝑌



Cartesian → Barycentric
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𝑐(𝑥𝑐 , 𝑦𝑐)

𝑏(𝑥𝑏 , 𝑦𝑏)

(𝑥, 𝑦)

𝛾 =
𝑓𝑎𝑐(𝑥, 𝑦)

𝑓𝑎𝑐(𝑥𝑏 , 𝑦𝑏)

𝑃 𝑥, 𝑦 → 𝑃(𝛼, 𝛽, 𝛾)

𝛽 =
𝑓𝑎𝑐(𝑥, 𝑦)

𝑓𝑎𝑐(𝑥𝑏 , 𝑦𝑏)

𝛼 = 1 − 𝛽 − 𝛾

𝑎(𝑥𝑎, 𝑦𝑎)

𝑋𝑂

𝑌



Barycentric Coordinate
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Another approach:

Credit: Fundamentals of Computer Graphics 3rd Edition by Peter Shirley, Steve Marschner |  http://www.cs.cornell.edu/courses/cs4620/2019fa/



Triangle Rasterization (1/7)
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Credit: Fundamentals of Computer Graphics 3rd Edition by Peter Shirley, Steve Marschner |  http://www.cs.cornell.edu/courses/cs4620/2019fa/



Triangle Rasterization (2/7)

• If the vertices have colors c0, c1, and c2, the color at a point in the 
triangle with Barycentric coordinates (α, β, γ) is:

• This type of interpolation of color is known in graphics as Gouraud
interpolation
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c0

c1

c2
c



Triangle Rasterization (3/7)
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Credit: Fundamentals of Computer Graphics 3rd Edition by Peter Shirley, Steve Marschner |  http://www.cs.cornell.edu/courses/cs4620/2019fa/



Triangle Rasterization (4/7)
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(xmin, ymin)

(xmax, ymax)

Credit: Fundamentals of Computer Graphics 3rd Edition by Peter Shirley, Steve Marschner |  http://www.cs.cornell.edu/courses/cs4620/2019fa/



Triangle Rasterization (5/7)
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c0

c1

c2
c

Credit: Fundamentals of Computer Graphics 3rd Edition by Peter Shirley, Steve Marschner |  http://www.cs.cornell.edu/courses/cs4620/2019fa/



Triangle Rasterization (6/7)
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c0

c1

c2
c

Credit: Fundamentals of Computer Graphics 3rd Edition by Peter Shirley, Steve Marschner |  http://www.cs.cornell.edu/courses/cs4620/2019fa/



Triangle Rasterization (7/7)
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Credit: Fundamentals of Computer Graphics 3rd Edition by Peter Shirley, Steve Marschner |  http://www.cs.cornell.edu/courses/cs4620/2019fa/



Practice Problem

• Take three vertices of a triangle, choose two points, P and Q , such 
that they stay inside and outside the triangle respectively.
• Apply barycentric interpolation and verify that P lies inside and Q lies outside 

the triangle.
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